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SUMMARY

Kronecker product has been introduced formally for the construction of proper
equireplicate balanced n-ary designs. The results are more general than those

" established by earlier authors, Earlier results are shown to be particular cases of
the general result.
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Intreduction

Experimental situations often demand equal information on every
elementary contrast. A design that meets this demand is said to be balanc-
ed. Assuming that the ith treatment occurs in the jth block n,; times,
i=12...,%j=12...,b0;N=(n;); R=diag (r, 75, . . ., Fo);

b

: v
K- = diag (K74, K4, . . ., K1) where r; = 2 my ky = _Zlm;; and
j= i=

C = R — NK~'N? a necessary and sufficient condition for the design N
to be balanced is that C has all its diagonal elements equal and all off-
diagonal elements also equal. If the design is proper (all the blocks have
the same size k) and equireplicate it is easy to show that a necessary and
sufficient condition for it to be variance balanced is that NN is of the
form (A — A) I(v) + AE(v, v) where E(v, v) is a p X q matrix with all
elements unity and I(v) is an identity matrix of order v.
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A design is said to be balanced n-ary if it is balanced and (n — 1) is
the maximum number of times a treatment occurs in a block and it is said
to be incomplete if it has atleast one block which does not contain all
treatments. The balanced n-ary designs were first introduced by Tocher
[6]. The construction of these designs were later introduced by John [1],
Murthy and Das [2], Nigam (3], Nigam et al, [4], Tyagi and Rizwi [7] and
Surendran and Sunny [5]. The purpose of this paper is to introduce
Kronecker Product of designs {Vartak, [8]) for the construction of n-ary
designs from BIB designs and from existing p-ary designs.

2. Construction by Kronecker Product

The method of construction is contained in the two theorems that
follow.

THEOREM 1. If N, and N, are BIB designs with parameters v, by, ry, k,,
A and v, ba, 1y, ks, A, respectively and N = a, E(1, by) X N; + a, Ny X
E(1, b)) where a, and a, are positive integers and X stands for Kromecker
Product N is a proper, equireplicate n-ary design, for n = a, + a; + 1.

Proof. 1t is well known that
(AX Bl=A4' X B*and (4 X B) (A X B} = AA4' X BB
Applying these results

NN’ = [a,E(1, by) XN, + ayN, XE(1, b)] [a,E(1, bs) XN,
+ a,N, XE(1, b)J*
= a2 E(1, ba) E(1, b)* XN,N! + @& N,NL X E(1,b,) E(1, b,)*
+ Zala2 E(I’ bA) ‘ZVZ1 XNI E(l: b1)1

NN = (ri — ) I(v) + M E(v, v); i=1,2, (2.1
Hence ‘
NN* = [a2b, (r; — M) + a2 by (r; — A)] I(v) (2.2)

+ [a2 bad; + a2 biAy + 2a,a5r1r5] E(v. v.)
Further the number of replications of each treatment is
r = ayrb, + asryb, (2.3)
and every block is of size
k = a,k, + ask,, 2.4

So that it is proper and equireplicate. Also a treatment can occur in
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a block at most @, + a, times and the design is incomplete. Therefore N
is a proper equireplicate n-ary design if a; + a. 4+ 1=n.

The value of r can be alternatively established as follows :

The relation (2.2) implies that

0=r— _[01173 (r. — A + asz (r. — ’\g) — vaib, M — Vasz A

— 2va1a2r1r,:|

On replacing r; — A: by riki — vA¢ (i =1, 2) and shifting r to the left
hand side we get

r = ”I'clq[agbz r1k1 + agbl rgkg + 2va1 a271'3]

VT a%k1 kg» ]
- k k2 + + 2(1102

— W']rz a
K Jerdes (a1ky + asks)

vr 1"2

(arky + ack,)

= al"xba + agreb,
which is same as (2.3).
Giving a, and a, particular values in theorem 1, some special cases are

obtained. _
We shall now consider the construction of proper equireplicate n-ary

designs from known p-ary designs.

THeOREM 2. If N, and N, are two proper balanced, equireplicate n,-ary
and ny-ary designs in v treatments with b, and b, blocks respectively and a;
and a, are two positive integers,

N = a, E(]., bg) XN1 + agNg XE(]., bl)

is a n-ary balanéed proper equireplicate design with bib, blocks and n =
a(ny — 1) + ax(ny — 1) + L

Proof. Since N, and N, are balanced proper equireplicate designs Ny N!
and N,N} can be thrown into the form

NNt = (Il — N) I(v) + A E(v, v)

NyNi = (hy — ) I(v) + A4 E(v+ )
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Now proceeding as in the case of theorem 1 it is easily seen that

NN = a3 by [(l — A) I(v) + A, E(v, v)] + as by [(hy — A5) I(v)
+ Ay E(v, v)1 + 2a,a4rr; E(v, v)

ie. NN'= (b — ) I(v) + A E(v, v) (2.6)
Where
h = a? b2h1 + ag bth + 201(12’17'2 . (2'7)

= 1112. bQAI + a% b]_)\g + 2(1102"1"21)

ri = number of replications of any treatment of N,

r; = number of replications of any treatment of N,

Further we note that if r is the number of replications of a treatment and
k the size of block of N,

r = abyr; -+ asbyr, (2.8)
k= alk1 + azkg
ki being the block size of N; (i = 1, 2).

3. Discussion

By taking a; = 1, a; = 1 in Theorem 1 we get a ternary design. This
result was established by Nigam [3] by a different approach.

Putting @, = 1, a, = n and N, = I(v) a n-ary design with b = b,»,
r=ryw -+ nby, k = k; + nfor v treatments is obtained. The result was
first proved by an alternative approach by Tyagi and Rizwi [7].

If we take a; = @, = 1 and N, = N, a t-ary balanced equireplicate
proper design, a (2t — 1)-ary design is obtained. This was first established
by a different technique by Nigam [3]. The same author has also shown
that given N; and N, as p-ary and s-ary proper equireplicate designs they
can be used to construct (p + s — 1)-ary designs. Evidently this is a
particular case of theorem 2,
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